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LEFT INVARIANT RICCI SOLITONS ON FIVE-DIMENSIONAL
NILMANIFOLDS
HAMID REZA SALIMI MOGHADDAM
Abstract. In this article, we classify all algebraic Ricci solitons on five-dimensional nilman-
ifolds.
1. Introduction
Suppose that (M,g) is a complete Riemannian manifold and ricg denotes its Ricci tensor.
If, for a real number c and a complete vector field X, the Riemannian metric g satisfies in the
equation
(1.1) ricg = cg + LXg,
then g is named a Ricci soliton. In this equation, if c > 0, c = 0 or c < 0, then g is named
shrinking, steady, or expanding Ricci soliton.
Although the above definition is a generalization of Einstein metrics but the main motivation
for considering Ricci solitons is the Ricci flow equation
(1.2)
∂
∂t
gt = −2ricg(t),
where φt is a one-parameter group of diffeomorphisms. A Riemannian metric g is a Ricci
soliton on M if and only if the following one-parameter family of Riemannian metrics is a
solution of (1.2) (see [6] and [7]),
(1.3) gt = (−2ct+ 1)φ∗t g.
A very interesting case happens when we study Ricci solitons on Lie groups. Suppose that G is
a Lie group, g is its Lie algebra and g is a left invariant Riemannian metric on G. If for a real
number c and a derivation D ∈ Der(g), the (1, 1)-Ricci tensor Ricg of g satisfies the equation
(1.4) Ricg = c.Id +D,
then g is called an algebraic Ricci soliton. It is shown that all algebraic Ricci solitons are Ricci
soliton (for more details see [4] and [8]).
In the year 2001, Lauret proved that on nilpotent Lie groups a left invariant Riemannian
metric g is a Ricci soliton if and only if it is an algebraic Ricci soliton. In fact for left invariant
Riemannian metrics on nilpotent Lie groups the equations (1.1) and (1.4) are equivalent (see
[8] and [5]).
Naturally, one can generalize the concept of algebraic Ricci soliton to homogeneous spaces.
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In 2014, Jablonski showed that any homogeneous Ricci soliton is an algebraic Ricci soliton
(see [5]). So the classification of left invariant Ricci solitons on Lie groups reduces to the
classification of algebraic Ricci solitons on them.
Suppose that g is a left invariant Riemannian metric on a Lie group G and αijk are the
structural constants of the Lie algebra g, with respect to an orthonormal basis {E1, · · · , En},
defined by the following equations:
(1.5) [Ei, Ej ] =
n∑
k=1
αijkEk.
In an earlier paper (see [9]), we proved that g is an algebraic Ricci soliton if and only if there
exists a real number c such that, for any t, p, q = 1, · · · , n the structural constants satisfies in
the following equation:
cαqpt +
1
4
n∑
i=1
n∑
j=1
n∑
r=1
2αrjj
(
αiqt(αpri + αipr − αrip)− αipt(αqri + αiqr − αriq)
)
+2(αrji + αirj − αjir)(αiptαqjr − αiqtαpjr)
+(αjri + αijr − αrij)
(
αipt(αqjr + αrqj − αjrq)− αiqt(αpjr + αrpj − αjrp)
)
(1.6)
−2αpqiαrjj(αirt + αtir − αrti) + 2αpqiαijr(αrjt + αtrj − αjtr)
+αpqi(αijr + αrij − αjri)(αjrt + αtjr − αrtj) = 0.
In this case we showed that, for any i = 1 · · · n, the derivation D satisfies in the following
equation:
D(Ei) = −cEi + 1
4
n∑
l=1
{ n∑
j=1
n∑
r=1
2αrjj(αirl + αlir − αrli)
−2αijr(αril + αlrj − αjlr)(1.7)
−(αijr + αrij − αjri)(αjrl + αljr − αrlj)
}
El.
In [9], using the above equations, we classified all algebraic Ricci solitons on three-dimensional
Lie groups.
In this article, using the equations (1.6) and (1.7), we explicitly give all algebraic Ricci solitons
on five-dimensional nilmanifolds. We remember that in this method, against some recent works
(such as [1]) which have studied the Ricci solitons only on the set of left invariant vector fields,
we consider the Ricci solitons on all vector fields.
A Riemannian nilmanifold is a connected Riemannian manifold (M,g) which there exists a
nilpotent Lie subgroup of its isometry group I(M) such that acts transitively on M . Wilson,
in [10], proved that if M is a homogeneous Riemannian nilmanifold then there is a unique
nilpotent Lie subgroup of I(M) which acts simply transitively onM . Also, he showed that this
Lie subgroup is normal in I(M). Thus, we can assume a homogeneous Riemannian nilmanifold
as a nilpotent Lie group N equipped with a left invariant Riemannian metric g.
In 2006, Homoloya and Kowalski, up to isometry, classified five-dimensional two-step nilpotent
Lie groups equipped with left invariant Riemannian metrics (see [3]). In a paper written by
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Figula and Nagy in 2018, up to isometry, the classification of five-dimensional nilmanifolds has
been completed by the classification of five-dimensional nilpotent Lie algebras of nilpotency
classes three and four equipped with inner products. We mention that this classification does
not contain the Lie algebras which are direct products of Lie algebras of lower dimensions (see
[2]).
In the next section we will classify all left invariant Ricci solitons on all ten classes of five-
dimensional nilmanifolds.
2. The classification of algebraic Ricci solitons on five-dimensional nilmanifolds
In [3], all five-dimensional two-step nilmanifolds up to isometry have been classified by
Homolya and Kowalski. Recently, in [2], Figula and Nagy have completed the classification
of five-dimensional nilmanifolds up to isometry by classification of five-dimensional nilpotent
Lie groups of nilpotency class grater than two. In this section using formula (1.6) and the
above classifications we classify all algebraic Ricci solitons on simply connected five-dimensional
nilmanifolds.
Suppose that N is an arbitrary simply connected five-dimensional nilmanifold then, up to
isometry, its Lie algebra is one of the following ten cases. In all cases the set {E1, · · · , E5} is an
orthonormal basis for the Lie algebra and in any case we give only non-vanishing commutators.
2.1. Two-step nilpotent Lie algebra with one-dimensional center. Let N be the two-
step nilpotent Lie group with one-dimensional center and n denotes its Lie algebra. By [3], the
non-zero Lie brackets are as follows:
(2.1) [E1, E2] = sE5, [E3, E4] = mE5,
where s ≥ m > 0. So, in this case, the structure constants with respect to the orthonormal
basis {E1, · · · , E5} are of the following forms:
α125 = −α215 = s, α345 = −α435 = m.
Easily, using the formula (1.6), we see that n is an algebraic Ricci soliton if and only if{
cs+ 12sm
2 + 32s
3 = 0,
cm+ 12ms
2 + 32m
3 = 0.
A direct computation shows that the above equations hold if and only if m = s. So for the
constant c we have c = −2m2. Now, the equation (1.7) shows that for the matrix representation
of D we have
D =


3
2m
2 0 0 0 0
0 32m
2 0 0 0
0 0 32m
2 0 0
0 0 0 32m
2 0
0 0 0 0 3m2

 .
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2.2. Two-step nilpotent Lie algebra with two-dimensional center. The second case is
two-step nilpotent Lie group N with two-dimensional center. In [3], it is shown that there are
real numbers m ≥ s > 0 such that the non-zero Lie brackets are
(2.2) [E1, E2] = mE4, [E1, E3] = sE5.
In this case for the structure constants we have:
α124 = −α214 = m, α135 = −α315 = s.
Now, the equation (1.6) shows that n satisfies the algebraic Ricci soliton equation (1.4) if and
only if {
cm+ 32m
3 + 12s
2m = 0,
cs+ 32s
3 + 12m
2s = 0.
Easily we can see, for the solutions we have m = s and c = −2m2. Now, by equation (1.7), for
the matrix representation of D in the basis {E1, · · · , E5} we have:
D =


m2 0 0 0 0
0 32m
2 0 0 0
0 0 32m
2 0 0
0 0 0 52m
2 0
0 0 0 0 52m
2

 .
2.3. Two-step nilpotent Lie algebra with three-dimensional center. The third Lie
group which we have considered is the two-step nilpotent Lie group N with three-dimensional
center. This is the last five-dimensional two-step nilpotent Lie group. Based on [3], the non-
zero Lie bracket of this case is
(2.3) [E1, E2] = mE3,
where m is a positive real number. So, the non-zero structure constants are
α123 = −α213 = m.
It is easy to show that the equation (1.6) holds if and only if cm+ 23m
3 = 0. The last equation
shows that c = −32m2. So, by (1.7), in the basis {E1, · · · , E5}, the derivation D has the
following matrix representation:
D =


m2 0 0 0 0
0 m2 0 0 0
0 0 2m2 0 0
0 0 0 32m
2 0
0 0 0 0 32m
2

 .
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2.4. Four-step nilpotent Lie algebra l5,7, (case A). In [2], Figula and Nagy have proven
that the five-dimensional nilpotent Lie algebras n of nilpotency class greater than two are of
the forms l5,7, l5,6, l5,5 and l5,9. In this subsection and the next subsection, we study the
necessary and sufficient conditions for the Lie algebra l5,7 to be an algebraic Ricci soliton. By
[2], the non-vanishing Lie brackets of l5,7 are
(2.4) [E1, E2] = mE3 + sE4 + uE5, [E1, E3] = vE4 + wE5, [E1, E4] = xE5,
where for the real numbers m, s, u, v, w, x we have two cases: (case A: m, v, x > 0, s = 0 and
w ≥ 0) and (case B: m, v, x > 0 and s > 0). In this subsection we study the case A. In the
case of l5,7 (in two cases A and B) for the structure constants we have:
α123 = −α213 = m, α124 = −α214 = s, α125 = −α215 = u,
α134 = −α314 = v, α135 = −α315 = w, α145 = −α415 = x.
The equation (1.6) together with some computations shows that l5,7(caseA), satisfies the
algebraic Ricci soliton equation (1.4) if and only if
x = m, c = −2m2, u = w = s = 0, and v = 2√
3
m.
Now, using (1.7), the matrix representation of D is of the form:
D =


1
3m
2 0 0 0 0
0 32m
2 0 0 0
0 0 116 m
2 0 0
0 0 0 136 m
2 0
0 0 0 0 52m
2

 .
2.5. Four-step nilpotent Lie algebra l5,7, (case B). As we mentioned above, in this case
(case B) for the same structure constants of case A, we have m, v, x > 0 and s > 0. We see
that the equation (1.6) deduces to a system of equations with no solution. So the Lie algebra
l5,7, (case B) does not admit algebraic Ricci soliton structure.
2.6. Four-step nilpotent Lie algebra l5,6, (case A). During this subsection and the next
subsection, we have considered the Lie algebra l5,6. In two cases (cases A and B), by [2], the
Lie brackets are
(2.5) [E1, E2] = mE3+sE4+uE5, [E1, E3] = vE4+wE5, [E1, E4] = xE5, [E2, E3] = yE5,
where m, s, u, v, w, x, y are real numbers such that m, v, x, y 6= 0. For the structure constants
we have:
α123 = −α213 = m, α124 = −α214 = s, α125 = −α215 = u, α134 = −α314 = v,
α135 = −α315 = w, α145 = −α415 = x, α235 = −α325 = y.
Similar to the Lie algebra l5,7 we have two cases, case A and B. In the case A we have s = 0
and w ≥ 0 and for the case B s > 0.
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A direct computation, using (1.6), shows that the Lie algebra l5,6(caseA), is an algebraic
Ricci soliton if and only if
u = w = s = 0,m = ±
√
3
2
x, y = ±x, v = ±
√
3
2
x and c = −11
4
x2.
The equation (1.7) shows that for the matrix representation of D we have:
D =


3
4x
2 0 0 0 0
0 32x
2 0 0 0
0 0 94x
2 0 0
0 0 0 3x2 0
0 0 0 0 154 x
2

 .
2.7. Four-step nilpotent Lie algebra l5,6, (case B). In the case B for the same structure
constants of the above case, we have s > 0. Then we see that the system of equations defined
by (1.6) has no solution. Therefore similar to the case l5,7 (case B), the Lie algebra l5,6 (case
B), does not admit an algebraic Ricci soliton structure.
2.8. Three-step nilpotent Lie algebra l5,5. This section is devoted to l5,5 which is a three-
step nilpotent Lie algebra with one dimensional center. For the real numbers s, u ≥ 0, and
m, v,w > 0, the non-vanishing Lie brackets are as follows:
(2.6) [E1, E2] = mE4 + sE5, [E1, E3] = uE5, [E1, E4] = vE5, [E2, E3] = wE5.
Hence for the structure constants we have:
α124 = −α214 = m, α125 = −α215 = s, α135 = −α315 = u,
α145 = −α145 = v, α235 = −α325 = w.
Now substituting the above structure constants in the equation (1.6), leads us to a system of
equations with the following solution,
u = s = 0, v = m,w =
√
2
2
m, c = −7
4
m2.
So the Lie algebra l5,5 admits an algebraic Ricci soliton structure if and only if the above
equations hold. In this case, by (1.7), the matrix representation of D in the basis {E1, · · · , E5},
is of the following form:
D =


3
4m
2 0 0 0 0
0 m2 0 0 0
0 0 32m
2 0 0
0 0 0 74m
2 0
0 0 0 0 52m
2

 .
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2.9. Three-step nilpotent Lie algebra l5,9, (case A). For the non-vanishing Lie brackets
of this case we have:
(2.7) [E1, E2] = mE3 + sE4 + uE5, [E1, E3] = vE4, [E2, E3] = wE5,
where m > 0, w > v > 0 and s, u ≥ 0. So we have:
α123 = −α213 = m, α124 = −α214 = s, α125 = −α215 = u,
α134 = −α314 = v, α235 = −α325 = w.
Easily we see that the system of equations which is defied by (1.6) has no solution. Therefore,
the case A of the Lie algebra l5,9 does not admit Algebraic Ricci soliton structure.
2.10. Three-step nilpotent Lie algebra l5,9, (case B). In the case B of the Lie algebra
l5,9, for the same Lie algebra brackets, we have m, v > 0, v = w and s ≥ 0. Then, the equation
(1.6), leads us to the following system of equations:

mvs = 0,
cm+ 32(m
3 + s2m) = 0,
cs + 32(s
3 +m2s) + 2v2s = 0,
cv + 32s
2v + 2v3 = 0,
cv + 12s
2v + 2v3 = 0.
The solution of the above system of equations is as follows:
s = 0, v =
√
3
2
m, c = −3
2
m2.
So the case B of the Lie algebra l5,9 admits an algebraic Ricci soliton structure with the
following derivation:
D =


5
8m
2 0 0 0 0
0 58m
2 0 0 0
0 0 54m
2 0 0
0 0 0 158 m
2 0
0 0 0 0 158 m
2

 .
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